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Abstract 

In this paper, we consider a Melitz-type firm heterogeneity model with trade and environmental 

externality. Using this model, we derive an optimal emission tax that maximizes the social welfare of 

the country concerned. We then show the impact of trade liberalization on the emissions level via 

changes in the optimal tax. Our main findings are as follows: (1) in an open economy with firm 

heterogeneity, the optimal emission tax level becomes positive. Then, if the government implements 

the optimal tax, (2) trade liberalization decreases the tax level, and both aggregate output and total 

amount of emissions increase. The social welfare of the country is improved by the liberalization. 

On the other hand, under the optimal emission tax, (3) the improvement of emission intensity in 

production activities increases the optimal tax level, and as a result, both aggregate output and total 

amount of emissions decrease. Although this improvement has the opposite effect on the economy 

from trade liberalization, improved emission intensity may still increase social welfare. 
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1. Introduction 

World trade volume today is nearly 200 times higher than it was in the mid-20th century. In the 

context of rapid trade expansion, the relation between trade and the environment continues to be a 

matter of contentious debate. Economists have been intensely studying the effect of expanding trade 

on the environment, as well as the effect of environmental policies on economic activities from 

positive and normative aspects (e.g., Copeland and Taylor, 1994; 1995; 2003).1 

Regarding the former, a widely held view argues that trade liberalization affects environmental 

status through three channels: a change in the scale of economy (scale-effect); the emission intensity 

of production (technique-effect); and the share of comparatively advantaged industries, i.e., the 

pattern of specialization (composition-effect). 2  Recently, application of the monopolistic 

competition model with firm-heterogeneity à la Melitz (2003) to this field has also attracted attention 

to the impact of trade through a change in intra-industry resource allocation, the so-called 

reallocation-effect.3 For example, Yokoo (2009), Baldwin and Ravetti (2014), Forslid et al. (2014), 

and Kreickemeier and Richter (2014) examine the effect of trade liberalization on pollution 

                                                  
1 Cherniwchan et al. (2017) is the most recent survey of trade and the environment. 

2 In theoretical works in the literature, the monopolistic competition model has been widely used (e.g., 

Gürtzgen and Rauscher, 2000; Pflüger, 2001; Benarroch and Weder, 2006; Zeng and Zhao, 2009; 

Ishikawa and Okubo, 2015). 

3 Many empirical studies using a firm-heterogeneity model, such as Batrakova and Davis (2012), Cao et 

al. (2016), and Cole et al. (2014), have also been presented. 
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emissions within the framework of firm-heterogeneity. In terms of environmental policies under an 

open economy, the above-mentioned studies by Yokoo (2009) and Cui (2017) investigated the 

impacts of trade liberalization under a firm-heterogeneity framework using a Copeland and Taylor 

(1994)-type abatement technology.4 In the case of pollution stemming from consumption, Levy and 

Dinopoulos (2016) analyzed the impacts of environmental quality standards in addition to trade 

liberalization on intra-industry trade patterns, pollution, and welfare. 

Although these papers have significantly advanced the research on economic and 

environmental impacts under a firm-heterogeneity model, we think that for pollution emissions from 

production activities, there remains room for discussion regarding the relation between 

environmental policies and trade liberalization, as well as the improvement of emission intensity in 

production activities. For example, Kreickemeier and Richter (2014) investigate the effect of trade 

liberalization on domestic and foreign emissions, and also discuss the welfare effect. However, they 

do not consider environmental policies. Moreover, Cui (2017) analyzes the effect of both trade 

openness and environmental policies (the scheme of emissions permits cap-and-trade, and pollution 

tax) on technology adoption (particularly labor-biased, emission-biased, and Hicks-neutral 

technologies) and exports using a two-country symmetric model. However, the analysis of the 

                                                  
4 Under a closed economy, Konishi and Tarui (2015) examined the effect of emission trading under 

different allocation schemes: i.e., grandfathering under the permanent allocation rule, that with a closure 

provision, and the output-based allocation rule. 
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welfare effect is confined to numerical simulation. In order to fill in the missing pieces, we develop a 

Melitz (2003)-type open economy model with an emission tax. Using this model, we derive the 

optimal emission tax level, and then determine the impacts of trade liberalization on the aggregate 

output and emission amount in the relevant country via the change in the optimal emission tax level. 

Finally, with discussion of the transfer of cleaner production technology in mind, we also examine 

the relation between environmental policies and the improvement of emission intensity.  

Our main findings are as follows: (1) in an open economy with firm heterogeneity, the optimal 

emission tax level becomes positive. Then, if the government implements the optimal tax, (2) trade 

liberalization falls off the tax level, and both aggregate output and total amount of emissions increase. 

As a result, liberalization increases the social welfare of the country. That is, as trade liberalization is 

promoted, the government can set the emission tax level lower. Nevertheless, the liberalization 

increases social welfare. On the other hand, under the optimal emission tax, (3) the improvement of 

emission intensity in the production process may increase the optimal tax level, and thereby decrease 

both the aggregate output and total amount of emissions. That is, the improvement gives rise to an 

effect on the economy opposite to that of trade liberalization, because the government can set a 

higher emission tax in this case. However, social welfare may still increase.  

The remainder of this paper is organized as follows. Section 2 develops the theoretical 

framework of our analysis. In Section 3, we provide some analytically derived endogenous variables, 
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and in Section 4, we conduct a welfare analysis. We also discuss how trade liberalization and 

emission intensity improvements affect the optimal emission tax level, as well as the aggregate 

output and total amount of emissions due to changes in the tax level. Section 5 concludes our 

analysis. 

 

2. The Model 

2.1 Utility and demand 

There are 𝑛 1 symmetric countries in the world, and two types of goods, domestic and export. 

The preferences of a representative consumer are given by a constant elasticity substitution (CES) 

utility function over a continuum of goods, as follows: 

𝑈 𝑞 𝑣 𝑑𝑣∈ 𝑛 𝑞 𝑣 𝑑𝑣∈

⁄
, 0 𝜌 1, 

where the variables associated with domestic and export goods are indicated by the subscripts 𝐷 

and 𝐸𝑋, respectively. The measure of the set 𝑉 represents the mass of available goods, 𝑀, and 

𝑞 𝑣  (𝑖 𝐷, 𝐸𝑋) shows the consumption demand of the differentiated goods indexed by 𝑣. We 

consider the set of varieties consumed as the aggregate good 𝑌 ≡ 𝑈, as in Melitz (2003), based on 

Dixit and Stiglitz (1977). The aggregate price is defined as 

𝑃 𝑝 𝑣 𝑑𝑣∈ 𝑛 𝑝 𝑣 𝑑𝑣∈ , 

where 𝜎 ≡ 1 1 𝜌⁄ 1 is the elasticity of the substitution between any two goods. These 
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aggregates can then be used to derive the following consumption demands: 

𝑞 𝑣 𝑌  (𝑖 𝐷, 𝐸𝑋).                          (1) 

 

2.2 Firm behavior: goods production and emission-abatement activity 

As in Melitz (2003), each firm is endowed with productivity. We assume that the range of 

productivity takes ∅ ∈ 1, ∞ . Labor, 𝑙, is only one input of the country, which is inelastically 

supplied at the aggregate level 𝐿. Firms discharge pollution emissions, 𝑧, as a by-product of their 

production process, and can also then use labor to abate emissions. Along with Copeland and Taylor 

(1994) and Konish and Tarui (2015), we describe the joint production function of a domestic plant 

and an export plant as follows: 

𝑞 ∅𝑧 𝑙 𝑖𝑓 𝑧 𝜆𝑙 ,
∅𝐴𝑙 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 𝜏𝑞 ∅𝑧 𝑙 𝑖𝑓 𝑧 𝜆𝑙 ,
∅𝐴𝑙 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

        (2) 

where 𝜆 0 is the bound on the substitution possibility between labor and pollution inputs, and 

𝐴 𝜆 .5 Per-unit trade cost, 𝜏 is modeled on the iceberg formulation; i.e., the export of one unit of 

goods requires 𝜏 1 units of goods. 

We assume that firms’ production activities require a fixed overhead component, 𝑓. Then, 

following Bernard, Redding, and Schott (2007), and Konish and Tarui (2015), this component is 

                                                  
5 If the emission tax is sufficiently low or zero, firms do not put in labor for their abatement activities. In 

this case, labor and emissions are not substitute but a linear relation, 𝑧 𝜆𝑙 , 𝑖 𝐷, 𝐸𝑋 . 
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assumed to have the same emissions intensity, 𝛽, as the variable component, although the fixed 

component does not depend on productivity. In this case, the cost function consists of both variable 

and fixed components, and firms bear the cost of emissions from both. Since firms minimize their 

cost with respect to labor and emissions in both components, the cost function in each type’s plant is 

represented as follows: 

𝑐 𝑞 𝑓 𝑡 𝑤 ,  𝑐 𝑞 𝑓 𝑡 𝑤 ,          (3) 

where 𝑡 and 𝑤 are the emission tax and wage levels, respectively. Note that from the assumption 

of countries’ symmetricity, all countries share the same wage level, 𝑤. Hereafter, we designate the 

wage as a numeraire. Moreover, to solve our model algebraically, let 𝑓 be common to all plants as 

in Egger and Kreickemeier (2009). 

Considering the above cost functions, the firm’s profit maximization yields the following price 

and mark-up relations: 

𝑝 ∅
∅
, 𝑝 ∅ 𝜏

∅
.                         (4) 

From (4), we obtain 𝑝 ∅ 𝜏𝑝 ∅ . Then, using (1) and (4), the profit function can be rewritten 

as 

𝜋 ∅
∅

𝑓𝑡  (𝑖 𝐷, 𝐸𝑋),                        (5) 

where 𝑟 ∅ 𝑝 ∅ 𝑞 ∅  suggests the revenue of a plant. 

From (1) and (4), we obtain relative price, relative demand, and relative revenue: 
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∅

∅

∅

∅

∅

∅
,                            (6a) 

∅

∅

∅

∅

∅

∅
,                          (6b) 

∅

∅

∅

∅

∅

∅
.                        (6c) 

On the other hand, substituting the first order conditions of cost minimization, that is, 𝑙

𝑡𝑧  (𝑖 𝐷, 𝐸𝑋) into (2), emissions discharged from variable input are expressed as  

𝑧 ∅ , 𝑧 ∅ .                   (7) 

Then, we assume 𝛽 1 𝛽 1, as in Bernard, Redding, and Schott (2007), and Konish and 

Tarui (2015). Using (1), (4), (6c), (7), and 𝑟 ∅ 𝑝 ∅ 𝑞 ∅ , 𝑟 ∅ 𝜏 𝑟 ∅ , we obtain the 

following: 

𝑧 ∅ 𝑟 ∅ , 𝑧 ∅ 𝑟 ∅ 𝜏 𝑧 ∅ .                 (8) 

From (8), we find that the variable cost component is written as 𝜌𝑟 ∅  (𝑖 𝐷, 𝐸𝑋), and the share 

𝛽 in the cost then corresponds to the emission tax payment. Similarly, we have the following fixed 

cost component: 

𝑡𝑧 𝛽𝑓𝑡 .                                 (9) 

Hence, noting (6c) and (7), we can confirm that relative emissions are equal to those of revenue: 

∅

∅

∅

∅

∅

∅
.                         (10) 

 

2.3 Firm entry and exit 



9 
 

We adopt the setting in Konish and Tarui (2015). Prior to entry, all firms are identical. They have to 

make an initial investment, 𝑓 , which is sunk. This entry investment also has the same factor 

intensity as the fixed component of production. Hence, the emission tax payment with this 

investment is written as follows: 

𝑡𝑧 𝛽𝑓 𝑡 .                              (11) 

Firms draw their productivity, ∅, from a common distribution, 𝑔 ∅ , that has a continuous 

cumulative distribution, 𝐺 ∅ . The Pareto distribution is used to parameterize as follows: 𝐺 ∅

1 ∅ , 𝑔 ∅ 𝑘∅  (𝑘 𝜎 1 0, ∅ 1). Suppose that the lower bound of productivity 

is normalized to one. The firm that draws productivity ∅ ∅∗  decides to exit and not produce. 

That is, ∅∗  is the lowest productivity of the successful entrant, i.e., the cutoff productivity. The 

distribution of the productivity of a producing firm, 𝜇 ∅ , is determined by the initial productivity 

draw, conditional on successful entry, as follows: 

𝜇 ∅
∅

∅∗ ∅

∅∗

∅
𝑖𝑓 ∅ ∅∗ ,

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,
  

where 1 𝐺 ∅∗  is the ex-ante probability of a successful draw. The lowest productivity of the 

export firm (export-cutoff productivity) is shown as ∅∗ . Each cutoff level, ∅∗  and ∅∗ , ensures 

the zero-profit condition of the domestic and export plant, respectively. Therefore, using (5), and 

𝑟 ∅ 𝜏 𝑟 ∅ , we have 

𝜋 ∅∗ 0 ↔  𝑟 ∅∗ 𝑟 ∅∗ 𝜎𝑓𝑡 ,                   (12a) 
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𝜋 ∅∗ 0 ↔  𝑟 ∅∗ 𝜏 𝑟 ∅∗ 𝜎𝑓𝑡 .              (12b) 

From (12a) and (12b), we find that ∅∗ ∅∗ , because 1 𝜏 . 

The average productivities of the operating firms, ∅ , and the export firms, ∅ , are shown as 

∅ ≡ ∅ 𝜇 ∅ 𝑑∅∅∗ ∅∗ (𝑖 𝐷, 𝐸𝑋).              (13) 

Using (6c), (12a,b), and (13), we derive 

𝑟 ∅ 𝑟 ∅ 𝜎𝑓𝑡 .                      (14) 

If the firm does produce, it faces 𝛿 probability of a bad shock in every period. The firm hit by 

this shock decides to exit immediately. We consider only the steady-state equilibrium, in which the 

levels of the aggregate variables remain constant over time. Then, productivity does not change over 

time, and hence the optimal profit also remains constant. Therefore, the profit of the entry firm has to 

be zero or positive in every period until the firm is hit with a bad shock. For simplicity, we assume 

that there is no time discounting. The value function of each firm is given by 

𝐹 ∅ 𝑚𝑎𝑥 0, ∑ 1 𝛿 𝜋 ∅ 𝑚𝑎𝑥 0,
∅

. 

Let 𝐹 ∅ ∑ 1 𝛿 𝜋 ∅ 𝜋 ∅ 𝛿⁄  represent the present value of the average profit, where 

𝜋 ∅  is the per-unit average profit of operating firms. Because the average value function before 

entry, 1 𝐺 ∅∗ 𝐹 ∅ , is equal to the fixed entry cost, 𝑓 𝑡 , the free entry condition (FEC) is 

shown as 

𝜋 ∅ 𝛿𝑓 𝑡 ∅∗ .                            (15) 
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3. Solutions 

We will now derive the solutions of the main variables.6 Following Melitz (2003), we define the 

weighted average productivity of all firms as 

∅
∅ ∅ ∅∅∗ ∅ ∅ ∅∅∗

.                 (16) 

As all countries are symmetric, the total mass of producers serving one market, 𝑀, is given by 

𝑀 𝑀 𝑛𝑀 𝑀 1 𝑛𝜒 ,                       (17) 

where 𝑀  and 𝑛𝑀  denote the number of domestic and export plants, respectively, and 𝜒 is the 

probability that a successful entrant will be an export firm (or the ratio of the number of export firms 

to successful entrants). Using ∅∗ ∅∗⁄ 𝜏 , which is derived from (6c), (12a,b), and (13), we 

obtain 

𝜒 ≡
∅∗

∅∗
∅∗

∅∗ 𝜏 .                        (18) 

Using (6c), (13), (14), (17), and (18), the average profit, 𝜋 ∅ ≡ 𝛱 𝑀⁄ , is derived as 𝜋 ∅

1 𝑛𝜏 𝜎 1 𝑓𝑡 1 𝑘 𝜎⁄ , where 𝛱 is the aggregate profit of all firms. Substituting this 

equation into FEC, we obtain the equilibrium of cutoff productivity as follows: 

∅∗ .                          (19) 

Moreover, using (6c), (12a,b), (13), (16), and (17), the average productivity, ∅, is derived as 

                                                  
6 For details of the derivations of these solutions, see Appendix A. 
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follows: 

∅ ∅ ∅∗ .                         (20) 

We assume that, as in Copeland and Taylor (1994), and other related literature, the government 

transfers the emission tax to consumers in a lump-sum manner. Hence, if we represent the total 

amount of emissions as 𝑍, the total revenue of the country, 𝑅, is expressed as 𝑅 𝐿 𝑡𝑍. 

Moreover, from (8), (9), and (11), since the total emission tax payment is equivalent to 𝛽𝑅 in the 

total revenue, we obtain  

𝑅 ,  𝑍 .                       (21, 22) 

From (6c), (13), (14), and (17), we have 𝑅 𝑀𝑟 ∅ . Then, using (14) and (21), we have 

𝑀
∅

.                          (23) 

Substituting (4), (6a), (16), and (23) into the definition of the price index, we have 

𝑃 𝑀 𝑝 ∅
∅
.                    (24) 

Finally, using (19) – (21), and (24), and considering 𝑅 𝑃𝑌, we obtain the solution of the total 

output as follows: 

𝑌 𝐶 𝜏, 𝑛 𝑡 ,                              (25) 

where 1 1 1 𝜎⁄ 1 𝜌⁄ . Moreover, 𝐶  is defined as follows: 

𝐶 𝜏, 𝑛 ≡ 𝜌 𝜎𝑓 .                (26) 

From (26), the partial derivatives of 𝐶  with respect to 𝜏 and 𝑛 are as follows: 
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𝐶 0,                          (27a) 

𝐶 0,                          (27b) 

where 𝜕𝐶 𝜕𝑡⁄ 0. 

 

4. Welfare analysis 

4.1 The optimal emission tax level 

In this section, we examine the relationship between an emission tax, trade liberalization, and social 

welfare. Concretely, at the beginning, we derive the optimal emission tax level that maximizes social 

welfare. Next, considering the tax level as an endogenous variable, we examine the impact of trade 

liberalization and a decrease in emission intensity on the aggregate output and total amount of 

emissions. 

In the following analysis, we define the social welfare function as 𝑊 ≡ 𝑈 𝛾𝑍, where 𝛾 0 

is marginal environmental damage, and 𝛾𝑍 is environmental externality. Namely, welfare is a 

decreasing function of emissions, while it is an increasing function of consumption. Considering 

𝑌 ≡ 𝑈, and substituting (22) and (25) into 𝑊 𝑌 𝛾𝑍, we obtain the following equation: 

     𝑊 𝑡 𝐶 𝜏, 𝑛 𝑡 γ 𝑡 .                       (28) 

Therefore, noting that 𝜕𝐶 𝜕𝑡⁄ 0, by differentiating (28) with respect to 𝑡, we have 

                    ⏟ 𝛾
,

𝑡 .                  (29) 
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Considering 𝜕𝐶 𝜕𝑡⁄ 0, we find that from (25), an increase in the emission tax decreases total 

output; that is, 𝑑𝑌 𝑑𝑡⁄ 𝛽𝐶 𝑡 /𝜌 0. On the other hand, from (22), we find that the 

emission tax also reduces emissions, 𝑑𝑍 𝑑𝑡⁄ 𝛽𝐿/ 1 𝛽 𝑡 0 . Therefore, if the 

emission-reducing effect exceeds the aggregate output-reducing effect, an increase in the emission 

tax improves the social welfare of the country. 

Now, from (29), we can derive the optimal emission tax �̂�: 

⋛ 0 ↔ 𝑡 ⋚ �̂� ≡
,

,                   (30) 

where we assume 𝜌 𝛽.7 Hence, we obtain the following result regarding the optimal emission 

tax. 

 

Proposition 1: Our firm-heterogeneity analysis predicts that the optimal emission tax is positive. 

 

4.2 The impact of trade liberalization 

                                                  
7 Bernard, Redding, and Schott (2007) estimated 𝜎 ≡ 1 1 𝜌⁄ 3.8, and thus, 𝜌 ≒ 0,737. On the 

other hand, 𝛽 means the emission intensity of production. For example, the World Bank data denotes 

that world CO2 emissions (kg) per GDP (US dollars) evaluated by purchasing power parity were 0.326 in 

2014. Therefore, 𝜌 𝛽 is a plausible assumption. Moreover, if we let 𝛽  be the emissions intensity in 

the fixed entry cost, and assume 𝛽 𝛽 , the condition where the optimal emission tax has an interior 

solution is represented as 𝛽 𝜌 𝛽 𝑘 / 𝜌 𝑘 . In other words, if 𝛽 𝜌 𝛽 𝑘 / 𝜌 𝑘 , the 

optimal emission tax becomes the corner solution.  
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Next, we consider the impact of trade liberalization, i.e., a decrease in 𝜏 and an increase in 𝑛, on 

the optimal emission tax level. Moreover, by evaluating the aggregate output and total amount of 

emissions at the optimal tax level, we clarify the impact of this liberalization on these variables. 

Noting (27a,b), we can confirm the impact of trade liberalization on the optimal emission tax 

level. From (30), the impact is represented as follows: 

0,                           (31a) 

0.                           (31b) 

The above equations show that trade liberalization decreases the optimal emission tax level. Trade 

liberalization influences the aggregate output-decreasing effect of the emission tax, whereas it does 

not change the emission-reducing effect of the tax. Since trade liberalization enhances the former 

effect, the optimal emission tax level falls off in order to offset the effect. In short, the more trade 

liberalization, the lower the optimal tax rate level. Hence, as a policy implication, we can say that in 

an economy where internationalization is relatively advanced, the government should not impose too 

strict an emission tax. 

Substituting �̂� represented in (30) into (22) and (25), the aggregate output and total amount of 

emissions are expressed as follows: 

𝑌 𝜏, 𝑛 𝐶 𝜏, 𝑛 ,  𝑍 𝜏, 𝑛 𝐶 𝜏, 𝑛 .   (32, 33) 

From (32) and (33), the partial derivatives of 𝑌 and 𝑍 with regard to 𝜏 and 𝑛 are  
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, 𝐽 𝜏, 𝑛 ,                       (34a) 

, 𝐽 𝜏, 𝑛 .                      (34b) 

Therefore, considering (27a,b), the effect of trade liberalization on these variables through the 

change of the optimal tax level is as follows: 

0, 0, 0, 0.                           

That is, we can show that, when the government implements the optimal emission tax, trade 

liberalization decreases the tax level, and as a result increases both the aggregate output and total 

amount of emissions. From (19), trade liberalization increases the domestic cutoff productivity, ∅∗ . 

This means that from (20), the average productivity, ∅ , also increases with liberalization. 

Considering 𝜕𝐶 𝜕𝜏⁄ 0  and 𝜕𝐶 𝜕𝑛⁄ 0 , from (31a,b), liberalization decreases the optimal 

emission tax level. This change gives rise to an increase in the aggregate output, and then to the total 

amount of emissions, because it increases the number of entrant firms via the decrease in fixed cost. 

Finally, noting (32) and (33), the social welfare of the country, that is, 𝑊 𝑌 𝛾𝑍, is 

expressed as follows: 

𝑊 𝜏, 𝑛 𝑊 �̂� 𝜏, 𝑛 , 𝜏, 𝑛 𝐶 𝜏, 𝑛 .               (35) 

Then, we obtain the following welfare effect.  

, 𝐽 𝜏, 𝑛 .                       (36) 

If the government implements the optimal emission tax, from the envelope theorem, the impact 
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of trade liberalization on social welfare depends on its direct effect. As a result, we obtain  

0,    0.   

That is, trade liberalization increases the social welfare of the country. This means that, although 

total emissions increase along with the decrease in the optimal emission tax level, the direct 

welfare-improving effect of the liberalization is greater than this indirect effect. 

We summarize these results as the following proposition: 

 

Proposition 2: When the government implements the optimal emission tax, trade liberalization leads 

to a decrease in the optimal emission tax level, and increases both the aggregate output and total 

amount of emissions. It also improves the social welfare of the country because the direct 

welfare-improving effect plays a vital role under this tax scheme. 

 

4.3 The role of emission intensity 

Next, we consider the impact of a decrease in emission intensity. Introducing (19) and (26) into (30), 

we obtain 

�̂� 𝛽 ≡ 𝐶 𝛽 ,                               (37) 

𝐶 𝛽 ≡
∅∗ ,                           (38) 

where it should be noted that ∅∗  is independent of 𝛽. Then, from (38), we have  



18 
 

 0.                           (39) 

Considering (39), the impact of the change of emission intensity on the optimal emission tax is 

represented as follows: 

.                           (40) 

In the above equation, we find that 𝑑�̂� 𝑑𝛽⁄ 0 if 𝐶 1, and then ln 𝐶 0, because 𝑑𝐶 𝑑𝛽⁄

0 from (39). Noting the definition of 𝐶 , 𝐶 1 corresponds to �̂� 1. Namely, it is the sufficient 

condition for 𝑑�̂� 𝑑𝛽⁄ 0 that the ex-ante optimal emission tax level is less than one.8  

Next, we examine the influence on the aggregate output and total amount of emissions. 

Considering (19), (26), and (37) in addition to the definition of 𝐶  in (38), the aggregate output in 

(32) and the total emissions in (33) are rearranged as follows: 

𝑌 𝛽 ≡ �̂� ,  𝑍 𝛽 ≡ �̂� .                   (41, 42) 

Then, the influences of a decrease in emission intensity are represented as  

�̂� 1 𝛽 0,                    (43a) 

�̂� 𝛽 1 𝛽 0.                   (43b) 

For polluting firms, the emission tax is the cost of discharging emissions. In our model, along the 

lines of Copeland and Taylor (1994), these firms determine the input combination between labor and 

emissions based on the emission tax-wage ratio. Therefore, considering that we assume the wage as 

                                                  

8 Even if 𝐶 1, it is possible for us to obtain 𝑑�̂� 𝑑𝛽⁄ 0 as long as . 
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a numeraire (𝑤 1), �̂� 1 means that the price of emissions evaluated at the optimal level is 

relatively low compared to labor wage. Then, referring to (30) with regard to the welfare effect of 

the emission tax, as emission intensity improves, the aggregate output-reducing effect underruns the 

emissions-reducing effect because 𝐶  becomes smaller with improved emission intensity. 9 

Therefore, a decrease in emission intensity increases the optimal emission tax level, and 

subsequently decreases both the aggregate output and total amount of emissions via the change of 

the tax level. 

Finally, we confirm the impact on social welfare. Using (41) and (42), the welfare is rearranged 

as follows:  

𝑊 𝛽 ≡ �̂� ,                             (44) 

where the envelope theorem is again applied in (44). Differentiating (44) with respect to 𝛽, and 

arranging the equation using (39), (40) and σ ≡ 1 1 𝜌⁄ , we obtain the following result regarding 

the welfare effect10: 

ln 𝐶 .                         (45) 

Therefore, we find that the welfare effect of a decrease in emission intensity depends on the 

volume of 𝐶 ; in other words, the sign of ln 𝐶 . From (2), a decrease in emission intensity, 𝛽, 

                                                  
9 Referring to (21), this effect stems from a decrease in the total revenue of the country, 𝑅, along with a 

decrease in the emission intensity, 𝛽. 

10 See Appendix B for details of the derivations of this derivative. 
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corresponds to an increase in the labor intensity, 1 𝛽. Then, if the optimal emission tax, �̂�, is 

lower (higher) than the wage level, which is equal to one (i.e., 𝑤 1), each firm raises (lowers) the 

price, because a decrease in 𝛽 makes the production cost increase (decrease).11 In this case, since 

the aggregate price, 𝑃, increases (decreases) and the total output, 𝑌, decreases (increases), a 

decrease in the emission intensity, 𝛽, worsens (improves) social welfare evaluated at the optimal 

emission tax level, 𝑊.12 We summarize the above results as the following proposition. 

 

Proposition 3: Suppose that the government implements the optimal emission tax. If the emission 

tax-wage ratio evaluated at the optimal tax level is below one, i.e., �̂� 1, a decrease in emission 

intensity will definitely increase the optimal emission tax level, and thus decrease both the aggregate 

output and total amount of emissions. It will also decrease the social welfare of the country. Even if 

�̂� 1, a decrease in emission intensity may still push up the optimal emission tax level. However, it 

will improve the social welfare of the country in this case. 

 

5. Conclusions 

In this paper, we modeled 𝑛 1 symmetric countries with firm heterogeneity and environmental 

externality, and investigated the optimal emission tax level. Moreover, we examined the effect of 

                                                  
11 From (4), 𝑡  becomes larger (smaller) with a decrease in 𝛽 if 𝑡 1 𝑡 1 . 

12 See (24) and (25) regarding this point. 
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trade liberalization and improvement of emission intensity on the aggregate output and total amount 

of emissions under the optimal tax level.  

Our firm-heterogeneity analysis revealed that when the government implements the optimal 

emission tax, trade liberalization improves social welfare, although it increases both the aggregate 

output and total amount of emissions. In contrast, under the optimal tax level, both the aggregate 

output and total amount of emissions decrease with the improvement of emission intensity. However, 

social welfare may improve even in this case. We also find that (1) the more trade liberalization, the 

lower the optimal tax rate level, and (2) the lower the emission intensity, the higher the optimal tax 

rate level. These results include the following policy implications: in an era of internationalization, 

the government should not impose an overly strict emission tax; if, on the other hand, emission 

intensity tends to improve, the government can raise the emission tax. 

Further research is required to address the following points. First, although there are 𝑛 1 

countries in our model, we do not assume transboundary emissions. Noting that, for example, global 

warming is one of the most pressing and important problems in the modern world, we need to 

expand our analysis to encompass cases involving transboundary emissions and environmental 

policy coordination. Second, we considered only an emission tax under an open economy model 

with firm heterogeneity. However, as mentioned in the introduction, other papers have analyzed 

emission trading and emission standards. Hence, we must review whether or not our results in the 
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model including international trade remain applicable given other environmental policies such as 

emission trading and emission standards. 

 

Appendix A: Derivation of some aggregate variables 

In this appendix we show possible derivations for several variables. First, we show the derivation of 

(20). We derive the equilibrium value of ∅ as follows: 

∅
∅∅∗ ∅ ∅ ∅ ∅ ∅∅∗

  

𝑀 𝑀 ∅∗ 𝑛𝜏 𝑀 ∅∗  [∵ (13)] 

𝑀 𝑀 ∅∗ 𝑛𝜏 𝜒
∅

∅
∅∗ . [∵ (17) and (18)]  (A1) 

Using (6c), (12a,b), and (13), we have 

∅

∅

∅∗

∅∗
∅∗

∅∗
∅∗

∅∗ 𝜏 .                       (A2) 

Then, using (A1) and (A2), (20) is derived as follows: 

∅ 𝑀 𝑀 ∅∗ 1 𝑛𝜏 𝜒𝜏   

∅∗  [∵ (17) and (18)] 

      ∅ . [∵ (13)]                                                    (20) 

Second, the derivation of the aggregate profit of all firms, 𝛱, is as follows: 

𝛱 𝜋 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝑛 𝜋 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗   

∅
𝑓𝑡 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝑛

∅
𝑓𝑡 𝑀 𝜇 ∅ 𝑑∅∅∗   
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∅
𝑓𝑡 𝑀 𝑛𝜏

∅
𝑓𝑡 𝑀  [∵ (13), (17), and (18)] 

∅
𝑓𝑡 𝑀 1 𝑛𝜏  [∵ 𝑟 ∅ 𝑟 ∅ ] 

𝑀 1 𝑛𝜏 𝑓𝑡 , [∵ (14)],                                        (A3) 

where 𝑟 ∅ 𝑟 ∅  is derived by (6c) and (13). 

Third, the aggregated revenue is derived as follows: 

𝑅 𝑟 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝑛 𝑟 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗   

𝑟 ∅ 𝑀 𝑛𝑟 ∅ 𝑀  [∵ (6c) and (13)] 

𝑟 ∅ 𝑀 1 𝑛𝜏  [∵ (14)] 

𝑀𝑟 ∅ . [∵ (17)].                                                    (A4) 

Next, noting the aggregate fixed-entry cost is equal to the aggregate profit, 𝛱, the total 

payment for the emission tax is derived as follows: 

𝑡𝑍 𝛽𝜌 𝑟 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝑛 𝑟 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝛽𝑀𝑓𝑡 𝛽𝛱  

[∵ (8), (9), and (11)] 

𝛽𝜌𝑀𝑟 ∅ 𝛽𝑀𝑓𝑡 𝛽𝑀 𝑓𝑡  [∵ (A3), (A4) and (17)] 

𝛽𝜌𝑀𝑟 ∅ 𝛽𝑀𝑟 ∅ 𝑟 ∅ 𝑓𝑡 𝛽𝑀𝑟 ∅ 𝑟 ∅ 𝑓𝑡   

𝛽𝜌𝑀𝑟 ∅ 𝛽𝑀𝑟 ∅ 𝛽𝑀𝑟 ∅  [∵ (14)] 

𝛽𝜌𝑀𝑟 ∅ 𝛽𝑀𝑟 ∅ 𝜎   

𝛽𝑅. [∵ (A4), 𝜎 1 𝜌] 
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Finally, the solution of the price index is derived as follows: 

𝑃 𝑝 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝑛 𝑝 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗   

∅

∅
𝑝 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝑛𝜏

∅

∅
𝑝 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗   

[∵ (4) and (6a)] 

∅𝑝 ∅ ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗ 𝑛𝜏 ∅ 𝑀 𝜇 ∅ 𝑑∅∅∗   

∅𝑝 ∅ 𝑀
∅ ∅ ∅∅∗ ∅ ∅ ∅∅∗

  

∅𝑝 ∅ 𝑀 ∅  [∵ (16)] 

        𝑀 𝑝 ∅ .                                                    (A5) 

Substituting (4) and (23) into (A5), we have (24). 

 

Appendix B: Derivation of the welfare effect of emission intensity 

Appendix B gives the concrete derivation of (45). First, differentiating (44) with respect to 𝛽, we 

obtain the following equation: 

1 𝛽 �̂�𝛾𝐿 𝜌 𝛽 𝛾𝐿 �̂� 1 𝛽                 

1 𝜌 �̂� 1 𝛽 𝜌 𝛽 .                                  (B1) 

Substituting (40) into (B1), we have 

1 𝜌 �̂� 1 𝛽 𝜌 𝛽   

1 𝛽 𝑙𝑛𝐶 1 𝜌 1 𝛽 𝜌 .                    (B2) 

Moreover, considering 𝑑𝐶 𝑑𝛽⁄ 𝐶 1 𝛽 𝜎 1⁄  from (39), (B2) is expressed as  
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1 𝛽 𝑙𝑛𝐶 1 𝜌 .                              (B3) 

Here, from the definition of σ ≡ 1 1 𝜌⁄ , 1 𝜌 0  because of 𝜌 𝜎 1 𝜎⁄ . 

Therefore, we obtain the following equation: 

ln 𝐶 .                                                  (45) 
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