The Elasticity of Intertemporal Substitution and the Wealth

Inequality in a Global Economy*

Kazuo Minofand Yasuhiro Nakamoto?

September 29, 2015

Abstract

This paper examines the role of preferences for the distribution of wealth in a global
economy. In the dynamic Heckscher-Ohlin model, we firstly find that the steady-state
equilibrium is uniquely determined regardless of the homothetic and non-homothetic util-
ity function. Secondly, we show that the distribution of wealth in world economy shrinks
or expand. In particular, in the case of homothetic utility function, the dispersion of
wealth shrinks (expands) if the speed of convergence is fast (or, slow). Alternatively, in
the case of non-homothetic utility function, this result may not be held. Thirdly, when
the identical utility function is homothetic, the characterization of wealth inequality in
domestic economy is qualitatively the same with that in world economy. Alternatively, if
the utility function is non-homothetic, this result may not be held.
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1 Introduction

It has been well known that the Heckscher-Ohlin propositions can be established in a dynamic
2 x 2 x 2 model of the word economy in which the representative household in each country
accumulates capital. As well as in the static Heckscher-Ohlin setting, the key assumptions
in the dynamic Hechscher-Ohlin model are: (i) both country have the identical neoclassical
technologies; (ii) the households in both country have identical, homothetic utility functions
and the same time discount rate; (iii) both consumption and investment goods are freely
traded, whereas capital and labor cannot move across the border and; (iv) the only difference
between the countries is the initial stock of capital held by the households. Given those
conditions, the dynamic behavior of the world economy is independent of capital distribution
between the two countries. Moreover, the world economy may converges to a unique steady
state, and the long-run distribution of capital between the two countries depends on its initial
distribution. Under the standard neoclassical assumptions, the converging path towards the
steady state is unique and monotonic, so that the initial distribution of capital determines
the long-run distribution. This means that the country whose initial capital is larger than the
other country may keep the comparative advantage in producing goods that use relatively
capital intensive technology. Namely, the long-run patterns of trade are determined by the
initial distribution of capital between the two countries, which represents a dynamic version
of the Heckscher-Ohlin theorem.

The purpose of this paper is to reconsider the dynamic Heckscher-Ohlin model in a more
general setting than the baseline, dynamic two-country model. Our main departure from the
standard setting is that households in each country are heterogeneous and their preferences
may not be homothetic. As to the heterogeneity of households, it is assumed that the each
household’s initial stock of capital is not the same. If the utility function is homothetic, such
kind of heterogeneity will not affect the dynamic behavior of each country as well as the world
economy dynamics. However, if households in each country have different forms of utility
functions, the distribution of capital among the households affects not only the behavior of
each country but also the world economy dynamics. In this situation, the initial distribution
of capital among the households affects the long-run distribution of capital between the

countries so that it may determine the long-term patterns of trade. The central concern of



this paper is the relation between wealth distribution among households within each country
and the long-run behavior of the two country world.

In this paper we first consider the general case where preferences of households in the
world economy are heterogeneous, while the production technologies are symmetric between
the two countries. We demonstrate that if preferences and technologies satisfy the neoclassical
properties, the world economy has a unique steady state and it monotonically converges to the
steady state equilibrium. Then we examine the case in which preferences are heterogeneous
but each household has a homothetic utility function. In this setting, we examine patterns
of wealth distribution among the households in each country as well as that between the
countries. Finally, we examine the model in which all the households in the world economy
have identical, non homothetic utility functions. As far as the preference structure concerned,
this model has a least difference from the standard dynamic Heckscher-Ohlin model. We
demonstrate that even in this environment, the distribution of wealth within a country may

have decisive impacts on the international distribution of wealth in the long run.
Related Literature

Our study is closely connected to two groups of literature: the dynamic Heckscher-Ohlin
modesl and the neoclassical growth models with heterogeneous households. An early study on
the dynamic versions of Heckscher-Ohlin propositions is presented by Stiglitz (1970). Chen
(1992) studies a 2x2x 2 model of neoclassical growth and drives the long-run Heckscher-Ohlin
theorem. Recent studies on this subject include Cremers (1997), Nishimura and Shimomura
(2002), Hu et al (2009), Bond et al. (2011) and Caliendo (2011). Among others, Bond et

L. Their discussion, however,

al. (2011) analyze a model with non-homothetic preferences
assumes that there is a representative household in each country, so that they do not argue
wealth distribution among the households.

As to the neoclassical growth models with heterogeneous households, a number of authors
examine dynamic wealth distribution in closed economies. The early contributions to this
literature are Becker (1980) and Stiglitz (1969). Further studies are given by Bourguignon
(1980), Chatterjee (1984), Foellmi (2011), Kraus and Serve (2000) and Sorger (2002). In ad-

dition, Mino and Nakamoto (2012 and 2015) examine the wealth distribution and equilibrium

!See also Hunter (1991) for the role of non-homotheic preference in trade theory.



dynamics of neoclassical growth models with consumption externalities. While the literature
cited above assumes preference heterogeneity, several authors such as Garcia-Penerosa and
Turnovsky (2006 and 2009) and Caselli and Ventura (2000) study the models with homothetic
preferences in which distribution of wealth among households does not affect the aggregate
behavior of the economies?

Our study integrates those two classes of literatures into a single framework. We intend

to show that such an integration may provide us with a useful analytical framework for

investigating distribution, trade and growth of the world economy in a tractable manner.

2 Analytical Framework

We consider a world economy with two countries, home and foreign. In each country there
is a continuum of households with a unit measure where households are assumed to be
heterogeneous in the sense that they have different stock of wealth at the outset. As for the
households’ preferences, we assume that the households in both countries have an identical
rate of time preference and an identical form of utility function, u; = u;(C};) in home country
and uj = uj(C;) in foreign country. Since the production technologies are symmetric and
the utility functions in each country are given by an identical form, we focus on the set-up

in home country unless the confusion does not arise.

2.1 Production

The production side in our economy consists of two sectors: the sector i in each country
produces investment goods and the sector ¢ produces consumption goods. The production
structure in our model is standard in the sense that the standard constant-return-to-scale
neoclassical production technologies prevail in these two sectors. Therefore, supposing that
the production function in sector (h = i,c¢) is given by Y}, = F}, (K, Ly,) where Y}, is output,

K, is capital and Ly, is labor in each sector h = i, ¢, the real rent, r, and real wage rate, w,

“Bertola et al. (2006) preset a useful survey of income distribution in dynamic macroeconomic models
from a very broad perspective. Chapter 4 of their book includes a detailed exposition of wealth and income

distribution of neoclassical growth models with heterogeneous households.



in competitive factor and product markets are determined by:

r = fi(ki) = pfi(ke), (1a)
w = fi(ki) = kifi(ki) = p{ felke) — kefe(ke) } (1b)
where k, = K,/L, (x = i,c) and p denotes the price of consumption good in terms of the

investment goods. From these equations (1a) and (1b), the optimal factor intensity is given

by the function of relative price:

ki = ki(p)v ke = kC(p)a (2)

For simplicity, we focus on the case where the investment good sector employs a more
capital-intensive technology than the consumption good sector.
Assumption 1. The invesment good sector uses a more capial intensive technology that the

consumption good sector: ki(p) > ke(p) for all feasible levels of p.

From Assumption 1, it holds that
kr =k.(p) <0. z=1, c. (3)

where

Oky 1 fa(ke(p))?

Op  p(ki(p) — ke (p) 1 (ka(p)) fu(kz(p))
We suppose that the production factors freely shift between the sectors, but they cannot

move between the countries. Denoting by K the level of aggregate capital in the home

country, we give the full employment conditions for capital and labor respectively:
Li+L.=1, Ki+K.=K, (4)

where we assume that the labor supply is assumed to be constant and normalized to the

unity. Using (2) and (4), we can lead to the following:
K = Liki(p) + (1 = Lq)ke(p), (5)

and furthermore, the equation (5) can be rewritten as

K - kc(p)

L= )~ k)
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where we suppose that L; € (0, 1), so that the two countries produce both consumption and

investment goods. Consequently, the labor allocation to the investment sector is given by:

Taking account of Assumption 1, we obtain each differential as follows:

oL,_ . . 1
T s X v
oL _ k(o) (K —ki(p)) | Ki(p)(ke(p) — K)

= T ) R0 T k)~ k@) ©)

Making use of (7), each output function of investment and consumption goods is given

by:
y'(K,p) = L(K,p) fi(ki(p)), y°(K,p) = (1 — L(K,p))f(ke(p)), (10)

where under the assumption that the investment good is capita-intensive, we show that

ngj;(z Yi) = Lic (K, p) fi(p)(> 0),

gig(z yi) = =Lk (K,p)fe(p)(< 0),
2 2 = KO0 | KONG) = KIS, SN~ kle)
SR S0 ey B

2.2 Households

There is a contuuum households in each country with unit measure. The objective functional

of household j in home country is given by
X o
U’ = / uj(Cj)e_ptdt, p>0, j¢€ [0, 1], (11)
0

where p is the constant rate of time preference and common among the households and C}

is the level of household j’s consumption. The flow budget constraint is:
ki = (r(p) — 0)k; + w(p) — pC;. (12)

where ¢ is the rate of depreciation.



Denoting the (private) utility price of capital by ¢;, maximizing (11) subject to (12) yields

the necessary conditions for an optimum:

ui(Cy) = q;p, (13a)
—I—r(p) =5 —p, (13b)
4a;j

together with the transversality condition lim;_,» e ?g;k; = 0. From (13b), it can be easily

seen that & = I which means that the ratio of marginal utility between these households

qj qn’
. . . .. 2(Cy
7 and n is constant over time.That is, it holds that Z’]ECZL )) = constant, and therefore, our

model needs to specify the trajectory starting from a specific set of initial conditions which
consist of the initial levels of capital holdings and the international difference of preferences.
Finally, summing up (12) among all agents in home country, we can see the dynamic

equation of aggregate capital in home country:
K = (r(p) = 6)K +w(p) — pC, (14a)

where K = fol K;dj and C = fol Cjdj. Furthermore, from K,, = K + K* and (14a), the

capital accumulation equation in world economy is:

Ky = (1 —8) Ky + 2w — pCy. (14b)

2.3 World Market Equilibrium and the Capital Accumulation Equation

Let us consider the world market equilibrium. Because home and foreign countries produce
both goods, all the firms in world economy face an identical value of relative price, p. Fur-
thermore, the assumption of symmetric production structures in these countries yields an
identical capital intensity, so that ky(p) = k; (p) (h =i, c) for all time.

Now, assuming that investment and consumption goods freely cross the borders under

the free trade, the world market equilibrium conditions for both goods are given by:
YK, p) + y* (K", p) = C + C, (15a)

Y (K,p) +y'(K*,p) = K + K* + §(K + K*), (15b)

where the levels of aggregate consumption in each country are given by C = fol Cj;dj and

c* = fol C7dj. Defining the levels of world consumption and capital by €y = C' + C* and
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K, = K + K*, from (15a), and making use of k,(p) = kX(p) (z = i,c), the world market

condition for the consumption goods can be rewritten as:

. 2]%(27) - Kw
O = ) — Relp)

Using (16) yields the relative price which depends on the levels of world consumption and

fe(ke(p)) (16)

capital as follows:

p:p(Kw;Cw)a (17)
where
dp P
0K, Zng(2ki(p) — K) (<0), (18a)
8}0 P
Cy thCw(< 0), (18b)
_ Jelke)pke(p) PEL(p) (K — 2ke(p)) K (p)p C
=Tk @) - K i)~ k) T Rl) ke < 1)

Since it holds that k. (p) = kX(p) (x = i,c), both countries face the same value of Z, .3
Finally, making use of (15b), we derive the world-capital accumulation equation. By
replacing y' (K, p) +y'(K,p) in (15b) by L(K, p) fi(ki(p))+L*(K*, p) fi(ki(p)) and substituting

(17) into (15b), we can modify the world market condition for the investment goods:
G(Ky,Cy) = Ky + 0K, (19)

The function G(K,, Cy,) is defined by:

Ky — ch(p(va Cw))

G ) = B Ou)) — Relp(E, Gy P o)) (20)
where
(k- (k) 222 .
G = k{zgﬁk)c * {k(z _)25“5 [/fé(p)(Kw — 2k;) + ki (p) (Kw — 2ke) <W - 1>] 7
(21a)
_ OB T — 2+ K)o — ) (B R)
S (S [kc(p)(Kw 2ki) + ki(p) (Kw — 2kc) < ) 1)} (< 0). (21b)

3The variables with the subscript hf are common in both countries.



2.4 The Aggregate Consumption Path

To derive the dynamic equation of aggregate consumption, from (16) we lead to the dynamic

equation of relative price:
p_ 1 (Cu Ky Ky
G 22
p th (Cw + 2]{ii(p) — Kw Kw ( )
Turning back to the household optimization conditions in (13a) and (13b), we obtain:
Y p
Cj = wj (T(p) —d—p-— p> ; (23a)

where we use w; = —u’;(Cj)/uj(Cj)(> 0).

In particular, if the utility function is homothetic, the elasticity of intertemporal substi-
tution w;/C; is given by parameters alone. Therefore, an identity of utility function brings
about an identity of elasticities of intertemporal substitution among agents, which implies
that due to the identity of w;/C}, the growth rate of private consumption, C’j/Cj, is the same

among agents. For instance, if we make use of the well-known constant-relative-risk-aversion
1—y

type of utility function u;(C;) = > the dynamic equation of private consumption, (23a)

is given by .
Yo or(p)—0—p—2t
¢ 1 ’ 2, (23b)
Cj gl

which can be seen that the right-hand side of (23b) is identical among agents. Alternatively,

when the utility function is non-homothetic, the elasticity of intertemporal substitution is
not only expressed by parameters, which means that the initially given dispersion of wealth
is related to the difference of growth rate of private consumption among agents.

Summing up the equation (23a) of all households in home country yields:
- P
¢=a () -5-5-"). (230)
where €2 is the sum of absolute risk aversion:

1
Q= /0 widj(> 0). (23d)

Similarly, the dynamic equation of aggregate consumption in the foreign country is given

by:

= <7’(p) —5—p— Z) 7 (24a)
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1
0* :/0 w;idj(> 0). (24b)
where w} = —u}'(C})/uj"(C7)(> 0).
Finally, from (23¢) and (24a) we can derive the following:

Cu= @+ (1) -5-p- 1), (25)

and substituting (22) into (25) yields the dynamic equation of aggregate consumption in total

economy:

¢ ZniCul(®+97) <()_ - G(Kw,Cw)—éKw>7 26)

"~ ZpCow + Q4+ Q7  Zny(2ki(p) — Ky)
where the relative price depends on the aggregate capital and consumption in world economy,
p = p(Kw,Cy) in (17).

Finally, as for the growth paths of personal consumption and total consumption in home
country, substituting (22) into (23a) and (23c¢), and moreover, substituting (19) and (26) into

these equations yields:

C Z;CuQ/C ( G(Ky,Cy) — 5Kw>

v —6—p— : 27
C ZpCuw+Q+ () P T 2hilp) — Ku) 27
Cj thCwLUj/Cj ( G(Kw,cw) - 5Kw>

/A —6—p— , 27b
G~ ZnCotara " 0T g ) — Ka) 270)

where p = p(K,, Cy) in (17).

2.5 Steady State of the World Economy

We shall prove that the stationary states of the world economy exist where the steady-state

values of each variable is expressed by the upper bar. The equations K,, = 0 in (19) and

Cyp = 0in (26) are given by:
6Ky = G(Ky, Cy), (28a)
r(p) =0+ p, (28D)
where the steady-state value of relative price is characterized by (17):
Proposition 1 The steady-state equilibrium of world economy is uniquely determined. Fur-

thermore, the unique steady state has the saddle-path stability if the following condition is
satisfied:

10



ZnsCuw + Q2+ Q° <0. (29)

Proof. See Appendix A. m
It is to be noted that while the steady-state levels of aggregate consumption C,, and
capital K, in world economy and the relative price p are uniquely determined irrespective
of the initial conditions such as the preference parameters and the initial levels of capital
stock, the implicit prices of capital, ¢; and ¢}, and the determination of steady-state levels of
individual capital is needed to specify the initial conditions. Furthermore, the condition (29)
is intuitively explained as follows. Making use of (29), the dynamic equation of aggregate

consumption in world economy (26) has a positive sign of elasticities of intertemporal substi-

Zp§ Cop (Q4+9%)

, W(> 0). As aresult, the dynamic behavior of the aggregate consumption in

tution
world economy is intuitively reasonable in the sense that when the rate of return to capital is
large, the growth rate of consumption in world economy has a positive sign, so the aggregate
capital increases towards the steady state.

Supposing that the uniquely determined stable root of world economy is A(< 0), on the
saddle path of whole economy the relationship between consumption and capital in world
economy is given by

—5—A _
Gry 0= A (Kw — Ku). (30)
Gc

Making use of (30), the approximated behavior of aggregate capital in world economy is given

by:

Co— Cp = —

w

Ky = MKy, — Ky). (31)
On the saddle path of the entire economy each relationship between capital in world

economy and private consumption (or, aggregate consumption) is given by:

@‘{E:_Mézg?fngﬂM%_Rw’ (322)
C‘C:‘MéﬁffyfmﬁmeQ% (320)
Cw—@w=—iégﬁ?fgjf§¥K@—R@> (32¢)
The Bhf is given by:
' Op _
Bo= "G (il ) w0 ®



where both countries have the same value of By, -

3 Preferences and Wealth Distribution in the World Economy

We now examine the distribution of wealth in world economy. Then, our interests are to
confirm the role of form of identical utility function for the dispersion of wealth. As in (23b),
when the identical utility function is homothetic, the growth rate of private consumption
among agents in both countries is the same. On the other hand, in the case of non-homothetic
utility function, when the initially given dispersion of capital exists, the difference of initial
capital held by each agent leads to the long-run level of private consumption, thereby being
able to see that the growth rate of private consumption differs among agents, which may lead
to a drastic change in determining the qualitative movement of wealth inequality over time.
Hereafter, we simply express functions and variables unless they do not lead to the confusion.
For instance, the production function f;(k;(p(Kw,Cw))) simply is written as f;.

Let us define the relative capital holding of agent j in home (or, foreign) country as follows:
kjw = 2k;/ K, (or, /%;w = 2kj/K,). Substituting the capital accumulation equations (12)

and (14b) into l;cjw = 2k; /K, — 2k;jK,, /K2, we can show that
B 2w(1l — ];"w w [ 7 2C;
by = 220 Kiw) | PO </<: —J>, (34a)

7w Kw + Kw 7w C’w

where the initial relative capital l%%w is given from the initial endowment. In addition, from

(34a), the l?:j,w = 0 equation yields:

=205 _ 200 (k0 — )

(34b)

P Gy PCl
Next, substituting w = p(fe. — kcf.) into (34a), and furthermore, linearly approximating

(34a) around the steady state, we can obtain:

: ~ = p [ = 2w - — 0 ~ 0 —
b = ol = Bi) + 7 { = 1) (25Co = Cu) 4 2 (e (o = ) (B = Ko )
L (C—C; Cu—C
20, ( Z; o }, (34c)

where we use (34b) and C\, — %J’ = % from K, = 0 equation (14b).

Substituting (30) into (34c), we can show that
th(Kw — f_{w) B 2C’jﬁ Cj — Cj Cu
Ky Ky,

ifj,w = p(k‘jw — ]%j,w) + (];j,w — 1)

12



where the variable Dy, is given by:

(@ ( Gry—=0-A\ (O [ Gr,—0—X O
th—Zp{péw<— o >+kk o o + o5 . (36a)

w w

Furthermore, assuming that the production structure in consumption and investment sectors

are respectively given by the Cobb-Douglas type fq(k.) = k&< and f;i(k;) = £}, (36a) can be

rewritten as:?

2puwk; ac(l— )6+ p)

Dy s = _ _
M G ZngCuwlki — k) ai(1— an)(d + p — aid)

[)\ + ai(l - Otz)(S] . (36b)

Then, the sign of Dy, ¢ is determined by [A + a;(1 — a;)d]. In detail, if the speed of convergence
is fast so that a;(1 — a;)d < —\, then Dy, ¢ has a positive sign; and alternatively, if its speed
is slow such that a;(1 — a;)d > —), then Dy has a negative sign.

Therefore, as for the sign of Dy, f, we can summarize the results.
Result 1. Suppose that the production function is specified by Cobb-Douglas type, f. = ko<
and f; = k. In addition, assume a growing economy Ky > K9 under Assumption 1. Then,

if ai(1 —a;)0 < (>) — A, the sign of Dy is positive (negative).

3.1 Homothetic Utility Function

Whether the identical utility function is homothetic or non-homothetic is important to char-
acterize the wealth distribution. This is because under the identical and homothetic utility
function, the (pure) elasticities of intertemporal substitution, defined by w;/C;, 2/C and
(Q+Q*)/Cy, are the same, thereby being able to see that from (32a), (32b) and (32¢), the

equations

ng Cj = Cg—,é = C“’CT %u are held. Under the assumption that the utility function

is homothetic, the equation (35) is simplified as follows:
: - = = Dps(Ky — K
kjw = p(kjw = Kjw) + (kjw — 1) & i 2

w

(37a)

which leads to the following:

.- DK, KD,
kjw = kjw + (kjw — 1) i 1;_ ¢ " (37b)
Now, when we define the dispersion of individual wealth as ¥; = (léj’w — 1), the dynamic

equation of relative wealth, (37b), is given by:

- Dy Ky — K

4See Appendix B.
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where at the initial period (¢ = 0), the steady-state dispersion of individual wealth is related

as the initially given dispersion of individual wealth:

¥ = — (38b)

: _ Dpy K, — K9
5= A8 wiAwe” (38¢)

In the case of homothetic utility function, the growth rate of consumption, Cj /Cj is the
same among agents as confirmed in (23b), which means that both the level of capital held
by an agent j and the average level of capital in each country similarly grows. That is, since
the catching-up of capital does not arise, it holds that E_Jj and E? have an identical sign.

Therefore, from (38b) we can obtain:
14 A 2w = Doy, (39)

Noting that the stable root A has a negative sign, it holds that sign(2j> :sign(l_)hfij).
To give the intuitive explanation, for instance, let us suppose that Dj, ¢ has a positive sign.
Then, if the sign of ¥; is positive, it means that Zj < 0, thereby being able to estimate
that 29 > X_]j(> 0). That is, the difference between the agent j’ capital k; and the average
level of aggregate capital in a country K,,/2 shrinks over time in that the level of individual
capital k; approaches to the average level K,,/2 along time. On the other hand, when f}j
has a negative sign, it holds that E‘; < 3;(< 0), which can be concluded that the difference
between the agent j’ capital and the average level of aggregate capital in a country becomes
larger. When Dy, ¢ has a negative sign, the opposite relationship can be applicable.

‘We now define the distribution of wealth as follows:

1 1
S = 5w+ 5%, where sy — / (5,)%), s, — / ()24, (40)
0 0

14



and then, from (38a) and (38b), we can show that®

Dhny Koy—K° 2
1+ th Kwif\(we)\t
Sw = I Sy
w 1+th waKBJ

f(w pfA

(41)

IS =

Noting that s,, in home country and s}, in foreign country are the same except for the
difference of initial distribution of wealth, from (40) we can write the wealth inequality in

world economy as:
Ao 2
Dy Kw—K9
1 + th 1;7)\ w e)\t 0
S, = w P Sw? (42&)
1+ Dny Kw=Kj
Kw pfA

and furthermore, the long-run level of wealth inequality is given by:

0
Sy = Su (42b)

_ 5.
Dnp Kw—Kj
(1+ Ko

Then, the results given in (42b) can be summarized as follows.

Proposition 2 Suppose that the identical utility function is homothetic. Moreover, assume
that the economy is growing K,, > K. The positive (negative) sign of th leads to S, < (>
)Sy-

Turning back to Result 1, we can argue that when the speed of convergence is fast enough
so that th has a positive sign, the initial level of wealth inequality is larger than the
steady-state level. Following Garcia-Penalosa and Turnovsky (2008) and Mino and Nakamoto
(2015), the result is reasonable. Suppose that the speed of convergence is fast enough in a
growing economy K,, > KU. Then, a fast increase in the level of aggregate capital leads to
a fast decrease in the return to capital. Because such a negative impact largely affects the
consumption-saving decision of agents who have more wealth, such a fast speed of convergence
makes the long-run wealth inequality smaller. On the other hand, if the speed of convergence

is small such that Dy, ¢ has a negative sign, the opposite relationship can be seen.

®Substituting (38b) into (38a), we make use of the following.

Dpr Kw—KO ¢

= 1+ Ruw p—A © EO

14 Dns Bw—Kg ™
Ky p—A

15



3.2 Non-homothetic Utility Function

We turn to the case in which the utility function is identical among agents but non-homothetic.
In this case, because of the difference of initially given capital, the (pure) elasticities of in-
tertemporal substitution, w;/Cj, Q/C and (24 Q*)/C,,, are not the same, which estimates
that the dynamic behavior of relative wealth as well as the dispersion of wealth is more
complicated.

From (30) and (32a) we firstly consider the difference of linear approximation between

private consumption and aggregate consumption:

G Oy Cu CSoA (w; 04O ]
GG G G Sw 0 A(e Bk, k). @)
Cj Cuw Ge, (24 Q) \ C; Cuw
Since the difference of elasticities of intertemporal substitution, (g—] — QEQ* ), exists, we can
J w

see that ng Ci ng Cu ynlike the homothetic utility function.
J w
Substituting (43) into (35), we can confirm the dynamics of relative wealth as follows:

20;p(Gg, —0—A) [w; Q+QF _
- Eiw—1)—= J w_ = = K, — K,),
R (R (Cj =) )
(44a)

U

U
-]

>

~

];‘J}w = p(l;‘j,w -

and then, as in the last subsection, using X, = I;:j,w — 1 and arranging for the differential

equation, we obtain the stable path of relative wealth:

Dus(Ru — K9 ) o . 2055(Grey, —6—N) (@ 90+0%\ Ky K9
;= (1 I h{( w)e)\t> S+ C_JP(GKw_ 5_ A) <°fj _ QTQ > K Kwe)\t7
Ky(p—A) K,Ge, (2 + Q) \Cj Cuw p—A
(44b)
where substituting ¢t = 0 into (44b) yields:
0 2?]'17(6’1(71,7_67_)\) (& _ Q—i—Q*) Kw—K9 et
5o J T KwGe, (+0%) \ G Cuw p—A A4
J— D (Kw—K9) : (44c)
1 Ao s
Kuw(p—A)
Now, let us differentiate (44b) with respect to time:
. = th(Kw—K()) At QCjﬁ(GK —(5—)\) w; Q+QF Kw—KO A
.= A\, 2 w A= v =L Lett. (45
IENT R ey C T  RuGe, @ \G, T G ) oox O WY

where note that (Gg, —d —A) > 0 and G¢,, < 0.
From the comparison between homotheticity and non-homotheticity of utility functions,
we can see the following two points in the case of non-homothetic utility function. First,

from (45) it is evident that not only the sign of Djs but also that of (g—J - %) have
7 w

16



qualitative impacts on the dynamic motion of relative wealth. For instance, suppose that ij
has a positive sign. Then, if Dj, ¢ >0, from the last subsection the relative wealth decreases
in the case of homothetic utility function. Alternatively, in the case of non-homothetic utility
function, the positive sign of th does not necessarily lead to the same conclusion. In
detail, when the condition g—J < Qgii’z* is additionally provided, it is sufficient to hold that
2j < 0, which leads to 29- > ij > (. Intuitively, since the smaller elasticity of intertemporal
substitution of agent j means that he does not save with enthusiasm, in a growing economy
his capital does not grow faster than the average capital. As a result, when the speed of
convergence is fast such that Dy, ¢ > 0, the difference of capital between agent j and average
agent in world economy shrinks.

Next, even if the inequality (39) is satisfied, it cannot be necessarily held that ¥; and E?
have the same sign, meaning that the possibility of catching-up cannot be excluded unlike
the homothetic utility function. Concretely, assume that E? > 0 under (39). Then, from
(44c) we can confirm that if (Q+ Q*)/Cy, > @;/C}, it may hold that ¥; < 0. In other words,
even if an agent j is relatively wealth-rich at the initial economy, the smaller elasticity of
intertemporal substitution may lend to the relatively inferior position of wealth in the long
run in the sense that 3; < 0. Since the capital monotonically grows in a growing economy, it
means that the level of capital held by the agent j is caught by the average level of individual
capital during the transition, ¥, = 0.

Making use of the definition of wealth inequality in (40), we can show that®

D (Kw—K0) A 2 Dng(Rw=Kp) x _
Sy = t hlf(”(p A) t s —2<1+ Relr ) >(1 . /AEOd]
v 1+M w 1 D f(Kw KO)
Kuw(p=2) ( + Kuw(p—X) )
2

1— e)\t 1 5 .
+ | Dy D) /OAjd], (46a)

Kw(p_)‘)

where

- 20p(Gk, =0 =) (o Q+ Q" Ky — K}
I RGo 1) \&, T aw ) e
5To derive (46a), from (44b) and (44c) we make use of the following:

(
(1+ 2T ) (5 - 4))

Dh[(K’(U Kw)
K (p—X)

Ej = —|—Aj€>\t.

1+
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! 20(Gr, — 0 —p)(Kw—KO) (1 . (@ Q+O*
A0 = e T W / Ci | =2 - —= »Udj
/ 7Y T TR WGe, @+ 20— N o ’(0]- Cu ) 7

[o- (s ) [ o(@-1a) weo

Consequently, under the non-homothetic utility function, the wealth inequality in world econ-

omy is given by:

D K — K0 2 Dy s(Kw—K9,
1+ th?iﬁp—/\l){w)e/\t 0 2 (1 + h{_f(w(p—/\) )€At> (- ekt)
S’u} - th([_(w_K’l(_)U) Sw B th(f(waO) 2
L =Rt (1+ )
! 0 N 1—eM o 2 2\ 7
t T Rutrn 0

Substituting ¢ = co into (46b), we can obtain the following:

Sw = : 0 1 * ! 0 xxvk,0y 7-
s (1+w>2 % (/0 (45 + (45) )dJ> —2 (/0 (4,39 + 45370 dj

Kuw(p—A
(#1) (#2)
(46¢)

Then, from (46¢) we can summarize the sufficient conditions with respect to the relation-

ship of wealth inequality between the long run economy and the initial one.

Proposition 3 Suppose that the identical utility function is non-homothetic. Moreover, as-
sume that the inequality (39) is satisfied in a growing economy K, > K3. (i) Assume that
Dys > 0. It holds that Sy, < SO, if the following inequality is satisfied:

1
</0 (4,59 + A3% *O)dj> /0 (A3 + (AD)%)dj. (47a)
(ii) Assume that Dpy < 0. It holds that S, > SY, if either inequality is satisfied:
1
/O (A3 + (A)%)dj > 2 </O (4,59 + 4357 0)d]> (47b)
1
/ (4,59 + A5x%)dj < 0. (47¢)
0

Proof. It can be easily seen from (46¢). m

Comparing (42b) with (46¢), we can easily see that the non-homotheticity of utility func-

tion is newly added two impacts on the wealth inequality. This is because the long-run
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elasticities of intertemporal substitution, @;/C;, /C and (2 +Q*)/C,, differ each other. As
a result, the conditions in Proposition 4 are rather complex, but we may give an intuitive
implication.

Then, we are interested in the newly added terms (#1) and (#2). The (#1) in (46¢) indi-
cates the dispersion of elasticities of intertemporal substitution in the long run. For instance,
if the dispersion of elasticities of intertemporal substitution is large in home or foreign country,
then the value of (#1) is large, which means that more dispersion of elasticities of intertempo-
ral substitution makes the long-run wealth inequality larger. Next, we turn to the term (#2)
in (46¢), which shows a correlation between the initial holdings of capital stocks and the dif-
ference of elasticities of intertemporal substitution between an agent j and the average agent

in world economy. If the initially relative-wealth rich has the greater elasticity of intertem-

poral substitution in each country on average, it holds that fol C_'j (% — Q;—rﬂj ) Z?dj > 0 and
J w

fol C; <g—J - QEQJ) E?dj > 0. As a result, (#2) has a negative sign, so that it may be seen
j w

that S, > SU. This is because the initially relative-wealth riches make more saving during
the transition, so that they have more wealth in the long run.

We now confirm the sufficient conditions in (47a) — (47¢). First, the conditions (47a) and
(47b) show whether the impact in (#1) is larger than that in (#2) or not. If the positive
impact given by (#1) is smaller than that by (#2) under the negative sign of Dy, then the
initially given dispersion of wealth is larger than the long-run level. When we focus on the
positive sign of (#2), this case means that the initially relative-wealth riches have smaller
elasticities of intertemporal substitution in private consumption on average, implying that
since they dislike saving, the levels of their capital approach to the average level of capital
in world economy. On the other hand, when the impact given by (#1) is larger than that
by (#2) and Dps > 0, the initial distribution of wealth is smaller than the long-run level. In
particular, as for the case (ii), if the condition (47c¢) is satisfied under the assumption that
Dy < 0, we can see that S, > S9.

As for these cases (i) and (ii) in this proposition, it should be noted that the relationship
between Dy > (or < 0) and the inequality S, < (or >)S9 under the non-homothetic utility
function does not deviate from that under the homothetic utility function. Therefore, the
qualitatively seen results do not change. Alternatively, considering that these conditions in

cases (i) and (ii) are sufficient but not necessary, this proposition says that when the sufficient
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conditions are not satisfied, the non-homotheticity of utility function may deviate from the
existing finding that the fast (slow) speed of convergence leads to an expansion (a reduction)

in wealth inequality.

4 Wealth Distribution in a Country

We now turn to the domestic distribution of wealth. Our interests are analytically to see
whether the dynamic behavior and the steady-state characterization of domestic distribution

of wealth qualitatively deviates from those observed in world economy.

4.1 Homothetic Utility Function

Defining the relative capital between an agent j and the average agent in domestic economy
by k; = k; /K, we can show that

th —

i@‘j = p(];:j - ]:'CJ) + (l:@'] - 1) QK (Kw - Kw)a (48)

and, as in the last section, the stable solution for the time path of the relative capital is given

by: o .
Dy Ky — KO
J]:&j <1+2;L€CH€>¢>, (49)

which leads to the dynamic motion of relative wealth in domestic economy as follows:
Dy Ky — KO
. = \O P e —C )\t‘
0 i g Iy e

From (50), we can confirm that the dynamic motion of relative wealth in domestic economy

(50)

depends on the sign of 5;Dj, ¢. Supposing that an agent j is relatively wealth-rich in the long
run 5; > 0, the positive sign of Dy, provides ¢; < 0. In sum, in the case of homothetic utility
function, the dynamic characterization of relative wealth in domestic economy is the same
with that in world economy in the sense that when the speed of convergence is fast such that
Dy, ¢ > 0, the level of capital held by the agent j approaches to the average level per person
in domestic economy during the transition. Alternatively, if Dy, ¢ has a negative sign, it holds
that o; > 0.

The above results mean that when we define the index of wealth inequality in domestic

economy by

1
S = /O o3dj, (51)
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then in the case of homothetic utility function, the dynamic motion of wealth inequality is

given by:
= = 2
D _ 70
1 + 2;{ Kq;_i(w e)\t 0
S = o S (52a)
1 + th Kw—KS, ’
2K  p—AX

and then, the steady-state level of wealth inequality is:

0
S = & (52b)

1+ Dhj waKg 2
2K  p—A

As a result, we can argue the following.

Proposition 4 Suppose that the identical utility function is homothetic. Moreover, assume
that the economy is growing K, > KO. The positive (negative) sign of th leads to S < (>
)S°.

Proposition 4 says that under the homothetic utility function, whether the speed of con-
vergence is fast or slow determines the qualitatively observed characterization of wealth in-
equality in domestic economy as in Proposition 2, meaning that when the identical utility
function is assumed to be homothetic, the steady-state characterization of wealth inequality

in domestic economy is qualitatively the same with that in world economy.

4.2 Non-homothetic Utility Function

Now, let us suppose that the identical utility function is non-homothetic. We derive the

dynamic equation of relative wealth in domestic economy:

z ~ = ]?:'—1 th w ( Gg, —6— A Q Q+Q
k. = o(k: — k- J -7 B 7 - -
i=olhs =Ry e | 5 S (G (6 e )

L Op (Gry =6 — A
K \Ge, (24 Q%)

(#3)
Unlike the case of homothetic utility function, the non-homotheticity leads to the newly

J

€I

)}

A3l
Ql 2

(#4)

two terms (#3) and (#4). First, the part (#3) expresses the difference of elasticities of

intertemporal substitution between the average agent in home country and the average agent
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in world economy. Next, (#4) shows the difference of elasticities of intertemporal substitution
between an agent j and the average agent in home country.

Solving the dynamic equation, we can see the following:

ooy { Tk (Doy @ (G, —6-X\(Q Q0+
PETERETUR U2 p\Ge Q10 ) \C G,

ij Gk, —0—A Wj Q Ky — K’l(l)] At
J w__ _ RO A—— e — 54
K (Gcwmm*)) (Oj 0>} PED R (542)

which gives the following:

. 05k th w(Gg, —06—A QO Q+0F
Oig=N = |—-"—=| 5=~ = —
K\ 2 p\Gg(Q+0))\C Cu

Cip (Gr, =06 =A\ (& O\ Kuw—K)
&b w07 bt AN . 54b
K (Gcw(QJrQ*)) <Cj C>} D (54b)

Then, the dynamic behavior of relative wealth in domestic economy is more complicated
in the case of non-homothetic utility function. For instance, suppose that an agent j in home
country is relatively wealth-rich in the steady state (5, > 0), and furthermore that Dy, s has
a positive sign. If the utility function is homothetic, then it holds that &;; < 0. However, in
the case of non-homothetic utility function, even if Dy, ¢ >0, it does not necessarily seen that
0 < 0 because of the difference of long-run elasticities of intertemporal substitution. For
example, when either Q/C < (Q+Q*)/Cy, or Q/C < @;/C; is satisfied, we may confirm that
djk > 0. In other words, if the average agent in home country does not like to save compared
with the average agent in world economy (i.e., the average agent in foreign country) or an
agent 7, the level of capital held by an agent j rapidly grows relative to the average agent in
home country. In particular, as for the inequality Q/C < (2 + Q*)/C,,, it can be said that
the existence of foreign country may have a qualitatively pivotal role in characterizing the
relative wealth in home country.

Following the same procedure so far, we characterize the relative wealth at time ¢:7

(14 Fer)(09), — Ej)
1+ F

Ojk = + Eje’\t (55)

"We make use of the following:

o0 _ CiP (G, =02\ (& 2 Ku-Kj
_ J.k K \ Gg,, (Q+9%) C; [e] Y
Gjk = .
+

j P
14 L (Brr _m( Cry 02 (0 040°)) Ku-Kj
K 2 P \ Goy, (QF07) c Cw P—N

22



where note that F; is different among agents but F' is common as follows:

(G — 5N (@ O\ Fu— KO
= CP (Cre —0-AN (& Q) KoKy 56
1=K (Gcwmm*)) (Cj 0) PR (562)

L (Day (G5 -AN (9 Q4N Ky KD
F=_ (2 _Y Gk, —0—-A\ (02 O+ w (56b)
i\2 slae@rom)\c”a ) o

Therefore, we lead to the following:

1+ FeM 2 o (1—|—Fe/\t)(1—e>‘t) 1 o 1 — M 2 )
= — -2 ) E.dj Esdj
° <1+F>S ( (1+F)2 >/oaj’kjj+<1+F)/o i (572)

and furthermore, substituting ¢ = oo into (57a), we can show the steady-state level of domestic

distribution of wealth:

o_ 1 0 Lo ' o :
—_— ——
(#5) (#6)

where

1 — > 0\ 2 1 _ =\ 2
. Gg —0—X\ K, — K o [ W; Q )
B2 = (£ w07 W Pw / 2 (%22 gi(> 0
1

p [ Gr, —0—AN\ Ky— K [t (@ Q
QE'd':g Kw_ _ w w/C' “Wio_2 Qd'.
/OUJ”C TR \Ge,@+00) p-x Sy I\G T C) kY

As in world economy, the introduction of non-homotheticity of utility function includes

new impacts caused by the difference of long-run elasticities of intertemporal substitution.
Taking account of (#1), (#2), (#5) and (#6), we can see that the newly given impacts (#1)
and (#5) show the dispersion of elasticities of intertemporal substitution, and that (#2) and
(#6) indicates to a correlation between the initial holdings of capital stocks and the difference
of elasticities of intertemporal substitution. In that regard, these impacts have the similar
implication in domestic and world economies.

However, we must notice that the dispersion of elasticities of intertemporal substitution
in (#1) and (#2) is based on the average elasticity of intertemporal substitution in world
economy; and alternatively, the dispersion in (#5) and (#6) is based on the average elasticity
in home country, which expects the following case. To understand the intuition simply, let
us consider an extreme case. Now, we suppose that the long-run dispersion of elasticities of

intertemporal substitution in home country does not exist in the sense that w;/ C’j =Q/C
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for all agents j in home country, which means that (#5) and (#6) are zero. As a result, the

long-run level of wealth inequality is:

_ S0

527(1+F)2’ (58)
which implies that if F > (<)0, then S < (>)SY. However, the existence of foreign country
allows us to see that (#1) and (#2) are not zero. Then, we expect that the dynamic mo-
tion and the steady-state characterization of wealth inequality in home country may not be
faithfully the same with those in world economy.

Finally, we must notice that the part F' in the denominator of (57b) includes the difference
of elasticities of interetemporal substitution between home country and world. Therefore,
even if th has a positive sign, the sign of F' may be negative. Turning back to (58), we
understand this case. Suppose that the speed of convergence is fast in the sense that Dy, 1 has
a positive sign. But, if the average elasticity of intertemporal substitution in home country,

Q/C, is quite small relative to (2 + Q*)/C,, then F may have a negative sign, and hence, it
holds that Sy, > SY,.
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Appendices

Appendix A

Notice that the steady-state value of relative price is uniquely determined in (28b). There-

fore, totally differentiating (16) given price, we can show that

Cw = Cw([(w)» (A-l)
where
8wa fc . = Q%ch . ~
— = —= = 0 1 Cp == = 0), 1 Cyp=— 0).
0K, ~ om0, Jim o0 dm oo(< 0)

Next, substituting (A.1) into K, = 0 yields:

U(Ky) = G(Ky, Cp(Ky)) — 6Ky = 0. (A.2)
where®
W(K,) = L i 0)
. > _ Zchi
Klfgo\ll(Kw) R— (<0). (A.3)

Since the level of ¥ monotonically increases with K, we obtain the uniquely determined
value of aggregate capital in the steady state. Moreover, when the steady-state value of
capital, K, is substituted into (A.1), we confirm that the steady-state value of aggregate
consumption is uniquely determined.

As for the stability analysis of steady state, the determinant of our system in (19) and
(26) is given by:
0Cy 0Ky  9Cyw 0Ky
0C, 0K, 0K, 0C,’

~ O () * /= .
__Gu@+99) P < fi_ _5), (A.4)
thCw+Q—|—Q* Cw \ k; — k.

Det =

8 As for \Il’(f{w) > 0, using Ky = 0, we can show that
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where we make use of
OC,, G
% ___) <o,
oC, 0Cy,  Z(2k; — Kw)>
B thCw(Q + Q*)
 ZpgCuy + O+ O
K,
—— =Gg, <0
9C, v

ZpiCuw+ Q + Q*
OC,,
0K,

_ ZniCu(Q+ ) <, 9p

r'p — Gk, +90
Zns(2k; — Kyp)

0K
— =Gk, — 0
0K, v
Using the condition (29), we can lead to the negative sign of determinant in (A.4), which
means that the unique steady-state equilibrium is saddle-path stable

Appendix B

To derive (36b), we firstly see the following

Op dp Op fi
= B.1
Ta0, et Ak, O T T a0 T — (B
Making use of (B.1) and ﬁ —d= %, we can give (36a) as follows:
_ % @ fi (- o
By 2 //k/ 0 o “Reli o fK!
" Gcw{ ( ofe Cac cw) Kw(k:i—kc)< e dCy T 50 )
(#B1) (#B2)
— . Op 1. 1. /
o figry [+, = N = (ki = ko) f
—— 0 k(K — 2k) + k(K — 2k) | —— — 1 . B.2
g P[RR, — 2+ R — 28 (B (B2
(#B3)
Using f.(k.) = k%¢, we can show that (#B1) has a positive sign
w KKy — Qk c)
Bl)= ———— K. 0). B.3
#B1) ZpyCu(ki — ke) < 2k; — Ky " C) >0) (B:3)

The sum of rest terms (#B2) and (#B3) is arranged as follows

fi 2k, s fepk, P(Kw — 2ke)k] kep
B2 B3) = —— —— —— k — = = - — —
(# ) + (# ) (kz — k‘c)th K,Cy f ]5 fc * (2ki - Kw)(kl - kC) " ki — ke
(#34) v ne v
(#B5) (#B6) (#B7)
w - = - - = - (lju'z — ]_fc) !
- — E(Ky —2k) + k(K — 2ke) | ———2 —1 B.4
@ R () | Sl 2R R )< 7 ) } B
(#B8)
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As for each term, we can obtain the following

W(Ky — 2ke)k, 2ke (ki — ko) f!
(#B6) + (#B9) = Co@h— Kb — ) <Kw B 1), (B.5a)
_ éw 2(];51 —k ) cfc _c
(#34)+(#B5)+(#B7)+(#BS) B éw( 1 ]%c) K:w(fc kcfé) <

‘W\ =l

hﬂ) 2k,
C + 1 C + _ 1
fC fC K’LU
(#B9)
(B.5b)

When the production function is specified by the Cobb-Douglas type, (#B9) is zero

Then, under the Cobb-Douglas type of production function, the sum of (B.5a) and (B.5b) is
given by

W(Ky — 2ke)EL(1 — o)

B B BY) = ———————— 0). (B.6
(#BT)+ (#35) + (#59) =~ DI o). (B6)
Finally, we can confirm the sum of (#B2) and (#B3) as follows

(#B4)+(#B5) +(#B6) +

(#B2) + (#B3) = fio(Kw — 2ke)ki(1 — o)

- =— (> 0). B.7
k,thCw(ki — ke)(2k; — Kw)( ) (B-7)
Next, from (B.1) and (B.7) we can show that
_ 2p AW k(K. 2]{: - W — 2k 1—oy
b= 2 [ (B i) gy (e >]
Gew | ZngColki — ko) \ 2k; — Ko i ZnyCu (ki — o) (2s — Ko)
= 1.1 74 _ 1. 1./ _
__ 2wk ]y (RKw =2k Ke) (1 ai)fi w,2k (B.8)
G ZntCulki — o) | \2ki — Ky | & ki(2k; —

We note that the Cobb-Douglas type of production function gives the following

K. el — ) fi _d+p
ko oa(l—ae) ko ’

B.9
(673 ( )
and hence, (B.10) is modified by

Drs = 2pwk, ) Ky — 2k, N ae(l— ozi)> N (1 — ;) (6 + p)(Ky — 2k)
" Gy ZngCulki — ko) |\ 2k — Ky aq(1— ) '

ai(27€,~ — f_(w)

(B.10)
Turning our interests into (M

ST ) from the specification of production function we can
show that

k
— e B.11
T S (B.11)
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where from (1a) and (1b), we note that k;/k. is given by the production parameters:

@ _ a;(1— o) (B.12)
ke el —ay) '
As for K, /k., we make use of (28a) as follows:
Ky, — 2k, _ K, 1
e SR (e A (B-13)
2 2fi
which leads to the following:
Ky _ 2(6 + p) (B.14)
ac(l—ay) ’ ’
ke 54+ p—ais (1 - ai((l—ac)>
Finally, substituting (B.14) into (B.11), we can show that
Ky —2ke  ac(l —ay) ;0
_ — < — 0). B.15
2k, — Ky ai(l—ac)xé+p—ai6(> ) ( )
Then, substituting (B.15) into (B.10), we can show:
- 2pwk; ac(l —a;) (6 + p)
Dy = —_——_ — X A i(1—;)d]. B.16
M G ZniCoki — ko) aa(l— ) (6 + p — id) A+ il = )] (B.16)
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